Abstract. We consider special solution to the 3D Navier-Stokes system with and without the Coriolis force and dry friction and find the respective initial data implying a finite time gradient catastrophe. The paper can be considered as extension of the results [1].
We consider the following gas-dynamic like system: x ∈ R n , t ≥ 0.
Exact solutions of the system (1)- (3) has been an area of intensive research activity in the last decades (e.g. [2] , [3] , [4] , [5] , [6] ). Examples of exact solutions with a special initial distribution of the tangential component are given in [7] .
Below we consider the solution to (1)-(3) in several particular cases.
1. Case l = 0, m = 0 (without the Coriolis force and dry friction)
Let us consider the velocity field and the density in the following form:
  , ρ(t, x) = σ(t) + ρ 0 U (α(t) + β(t))x.
Here α(t) + β(t) is the divergency of velocity field.
Firstly we are going to define the functions ρ(x, t), α(t) and β(t). (α + β)(β + β 2 ) = 0.
In [1] it was shown that α(t), β(t) and σ(t) satisfy the following system: (8) β(t) = 1 t + B , −α(t) = c(t) + β(t), 
From (8) and (9) we find functions α(t), β(t) and c(t). Substituting −α(t) for
in (52), we obtain:
It is easy to see that
Thus, (10) implies:
. Taking into account (3), we obtain:
where
Therefore, we can find all functions:
Having the analytic form of the solution, we can find initial data implying an unbounded increasing of its derivative in a finite time (gradient catastrophe). It is clear that it is sufficient to find when the f (t) = = (t + B)(t 2 + 2Bt − BC) has the positive zeroes. We have the following results:
has one positive zero:
one positive zero t = −B;
Thus, f (t) = 0 in the points t = T 1 = −B and t = T 2 = −2B; 5) if B < 0, 0 < C < −B (β(0) < 0, α(0) < 0), then f (t) turns into zero in three points:
It is obviously that T 1 < T 2 < T 3 . Now we are ready to find the third component of velocity W (t, x).
According to [1] W (t, x) solves the PDE:
We consider W (x, t) = W (ω(t)x − λ(t)) =: W (f ). Thus, we have:
Using the specific form of ρ(x, t) (4), we obtain from (15):
Equation (16) implies:
Under this condition we find ω(t) and λ(t). From (17) we obtain:
In this system ω(t) and λ(t) are unknown and σ(t) = C 1/2 2
(See (13) and (14)).
Using (19) and (20), we find
Let us denote s(t) = ω −3 (t). Thus, from (18) we geṫ
It can be readily concluded that
and
From (21) we find
Finally we show that (18)-(20) are compatible. Substituting ω(t) and λ(t) (see (22) and (24)) in (20), we obtain
Further, (23) gets
Therefore, it is easy to see that (25) holds identically.
For ω(t) and λ(t) defined from (17) we have µW
where f (x, t) = ω(t)x − λ(t).
We will find the velocity vector and the density in the following form:
Here the divergency is α(t) + β(t), the vorticity is
Firstly we find the functions ρ(x, t), α(t), β(t), γ(t) and ξ(t).
The conservation of mass (1) yields:
From the vorticity conservation equation (7) we have the following equations:
From (32) we get
Below we treat particular cases separately.
In this case instead of system (33)-(35) we have:
From (36) and (38) we get immediately that β(t) ≡ 0. To find functions α(t), ξ(t) and σ(t) we have the system of differential equations obtained from (27), (28) and (36):α + 2α 2 = 0,
Integrating gives
If m = 0, then we can integrate (41):
Thus, for g(t) ≡ 0, σ(t) ≡ 0 and m = 0 we find the following solution for ρ(x, t) and v(t, x, y):
From (29) we get γ(t) ≡ 0. From (34) we find β(t) as follows:
It is easy to see from (27)- (29) and (33)- (35) that functions α(t) and ξ(t) solve the following system:
Further, assume m = 0. Using (34) and (47)- (48), we obtain
If α(0) = 0 then the solution of (50) is zero identically. The function ξ(t) can be found from (49). Therefore
,
Thus, in this case we obtain
where the constants C 2 C 3 are determined early (see (52)).
If α(0) = 0, we denote A(t) = (α(t)) −1 and we get from (50):
Therefore, we can find
Then we can find from (49)
where (58)
Thus, if g(t) ≡ 0, σ(t) ≡ 0, m = 0 and α(0) = 0 we have
where constants C 2 , C 4 C 5 are determined in (56) and (58).
2.1. The case W (x, y, t) = ω 1 (t)x + ω 2 (t)y + ω 3 (t). Early we find the first and the second component of velocity vector. In this section we consider the special form of the third component:
Here (30) and (31) imply:
We treat particular cases separately: 1. g(t) ≡ 0, σ(t) ≡ 0. From (62) and (63) we obtain:
Early we proved that in the case g(t) ≡ 0, σ(t) ≡ 0 we have β(t) ≡ 0 and γ(t) ≡ 0 (see (44) and (45)). Thus, from (65) and (66) one gets
Further, we can find from (64)
2. g(t) ≡ 0, σ(t) ≡ 0. Then functions ω i (t), i = 1, 2, 3 solves the system (64)-(66). It is obvious that ω 3 (t) ≡ ω 3 (0). Functions ω 1 (t) and ω 2 (t) we find for case m = 0. We have from (29) and (46) γ(t) ≡ 0, β(t) = 1 t + (β(0)) −1 . Thus, it is easy to see that
Further, we can find ω 1 (t). Namely:
, where C 3 = 2C 2 ξ(0), (51)and (52)). Therefore, we obtain from (64):
. If α(0) = 0, then it follows from (55) that
Using (57), (58) and (68), we obtain:
We find all components of the velocity field (26), where W (x, y, t) = ω 1 (t)x+ +ω 2 (t)y + ω 3 (t). Therefore, we are ready to study the problem of the gradient catastrophe:
1. If α(0) = 0, β(0) = 0 and γ(0) = 0 then
It is obvious that for such velocity field the gradient catastrophe takes place in
2. If σ(0) = 0, α(0) = 0, β(0) = 0 and γ(0) = 0 then
In this case the necessary condition of gradient catastrophe is β(0) < 0 and its time is equal t = −(β(0)) −1 .
3. If σ(0) = 0, α(0) = 0, β(0) = 0 and γ(0) = 0 then
To solve the problem of the gradient catastrophe we find the initial values of velocity such as the function f (t) = (C 4 (t + C 2 ) 2 − 1)(t + C 2 ) has positive zeroes.
Zeroes of this functions are t = T 1 = −C 2 and t = T 2,3 = ± 1 √ C 4 − C 2 . T 2 > 0 and
. 
. If β(0) < 0 α(0) < 0 then gradient of velocity turns in infinity in three points:
In this section the third component of velocity vector is function W (t, x, y) = = ω 1 (t)x 2 + ω 2 (t)xy + ω 3 (t)y 2 + λ 1 (t)x + λ 2 (t)y + λ 3 (t). We get from (30) and (31):
To solve this system consider several cases:
Then we get from (44) and (45) β(t) ≡ 0 and γ(t) ≡ 0. Therefore, we solve the following system:
It easily follows from (78)
Further, we find from (76) and (77):
We have from (39)
Using (42) and (80), we can solve (75) and (76):
2. g(t) ≡ 0, σ(t) ≡ 0. We get from (29) and (46) γ(t) ≡ 0 and β(t) = 1 t + (β(0)) −1 . Thus, we obtain the system:
Firstly, we get from (86) that λ 3 (t) ≡ λ 3 (0).
We have from (46)
Therefore, it can be easily calculated that 
(see (51)).
Let us denote (92)
Using (92), find the solution of (89) and (91):
where constants C 9 and C 10 are determined from the initial data, namely:
Finally, we solve (90):
(here u = t + C 2 ). (55)) and (56). We have:
. λ 1 (t), ω 1 (t) and ω 2 (t) solve the system (81)-(83). The equation (81) is the same as (62). Therefore, we find:
We find from (83):
where the function Ω 2 (t) can be found from:
Further, we integrate (96). Thus, we obtain:
Finally, we have from (82)
where W 1 (t) can be found from
It can be easy calculated that
, where
Let us remark that conditions of the gradient catastrophe are the same as for linear function W (t, x, y).
2.3.
The case W (t, x, y) = ω 1 (t)x + ω 2 (t)y + ω 3 (t)z + ω 4 (t). We will find the velocity vector and the density
Here the divergency is
the vorticity is
As early, we write the conservation of mass and the vorticity conservation equation for our class of solution. Equation (1) giveṡ We consider the case W (t, x, y) = ω 1 (t)x + ω 2 (t)y + ω 3 (t)z + ω 4 (t). For such function (101) and (102) imply:
(104) (σ + gx)(ω 2 + γω 1 + βω 2 + ω 2 ω 3 ) = 0, g(ω 1 x +ω 2 y +ω 3 + (αx + γy)ω 1 + (ξx + βy)ω 2 + ω 3 (ω 1 (t)x + ω 2 (t)y+ (105) + ω 3 (t)z + ω 4 (t))) + (σ + gx)(ω 1 + αω 1 + ξω 2 + ω 1 ω 3 ) = 0 (103) is the same as (32). Therefore, from (103) we obtain the system (33)-(35). Further, we find the functions σ(t), α(t), β(t), γ(t), ξ(t), ω 1 (t), ω 2 (t), ω 3 (t) and ω 4 (t).
We can integrate the system (104)-(105) in the case g(t) ≡ 0, σ(t) ≡ 0. We have from (100) γ ≡ 0. Then we may conclude from (33) and (35) that β ≡ 0.
Thus, we have the system, which follows from (104)-(105) and facts γ ≡ 0, β ≡ 0: Now it can be calculated that:
(114) α(t) = (A(t)) −1 = t + c 3 t 2 + 2c 3 t + c 5 , where c 5 = (α(0)) −1 c 3 .
We have from (114):
t 0 α(τ ) dτ = 1 2 ln |t 2 + 2c 3 t + c 5 |.
